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Extended Partial Geometries: Nets and Dual Nets
S. A. HOBART AND D. R. HUGHES
Extended partial geometries (EpGs) are natural generalisations of extended generalised
quadrangles. We develop some general results for any EpG, and then consider the special cases
of nets and dual nets in detail. Extended dual nets have diameter at most 2, and are almost
characterised, with examples, but extended nets are both more complex and perhaps more
interesting : there are many examples , but also many open cases, and 'reasonable' conjectures.
1. INTRODUCTION
A structure or incidence structure is a set of points and blocks (or lines) with some
incidence relation between the points and the blocks . If S is a structure and p is a point
in S, then the residue Sp is the structure the blocks of which are the blocks of S
containing p, and the points of which are the points x '* p on those blocks. A structure
is connected if the incidence graph of its points and blocks is a connected graph. In this
paper all structures are assumed to contain a finite number of both points and blocks .
(For background material on designs , and on strongly regular graphs, the reader is
referred to [4,8]; note that in [8] partial geometries are called Fa-geometries.)
(1.1) DEFINmoN. Suppose s, t, « are positive integers, and S is an incidence
structure of points and lines satisfying:
(a) two distinct points are on at most one common line;
(b) each line contains s + 1 points;
(c) each point lies on t + 1 lines;
(d) if p is a point and y is a line, with p not on y, then exactly «lines on p meet y (or
equivalently, exactly « points on y are collinear with p ).
Then S is a a-partial geometry of order (s, t), and can also be called a pGa(s, r), or a
pGa or merely a pG.
Clearly the dual of a pGa(s, t) is a pGa(t, s) . We distinguish several classes of pGs,
according to their parameters:
(1) «= s + 1 is the class 0{2-designs (with), = 1);
(2) «= t + 1 is the class of dual 2-designs (again, with), = 1);
(3) «= s is the class of dual nets;
(4) «= t is the class of nets;
(5) «= 1 is the class of generalised quadrangles;
(6) if 1 < «< < mines, t) , then the pG is called proper.
We shall need to say a little more about class (3). A slight generalisation of that class
is the class of transversal designs , and we define here only the transversal designs for
). = 1 (it is clear what the more general definition is):
(1.2) DEFINmoN. Let m, c and u be integers, all larger than 1. A set of me points,
in c classes of m points each, together with m" blocks each of size c, such that:
(a) any block contains exactly one point from each class;
(b) any set of u points chosen from u different classes, lies on exactly one common
block;
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is called a u-transversal design for (m , c), or merely a u-TD(m, c). (The dual nets are
exactly the 2-transversal designs ; hence in a 2-TD(m, c) , we must have c,,;;; m + 1.) It is
an interesting fact that u-transversal designs exist for any u> 1: see Example (4.7) .
If F is a family of structures, and S is a structure such that every Sp is contained in F ,
then S is said to be an extension of F. Extensions of generalised quadrangles have been
extensively studied (see, e .g. , [3)); extensions of 2-designs are 3-designs (with), = 1),
and we have nothing new to contribute here to that problem. In this paper we shall
give some basic facts about extensions of pGs, and analyse in more detail the classes
(3) and (4) above . We find some examples, some non-ex istence theorems, and some
characterisations.
(1.3) DEFINmoN. (If S is a connected structure and every residue Sp is a pGa , with
a fixed, then S is an extended (£1'-)partial geometry, or an EpGa, or merely an EpG.
In any structure we say two points are collinear if they are on a common block; the
point-graph reS) of a structure S is the graph the vertices of which are the points of S,
with two adjacent if they are collinear. We call S connected, distance regular, strongly
regular, etc., if reS) has these properties, and the diameter of S is the diameter of
res).
A structure S is semilinear if any two points of the structure are on at most one
common block, and in this case we often refer to the blocks of S as lines.
We use IKq to represent the finite field with q elements.
2. GENERAL RESULTS ON EpGs
In this section we shall prove a number of results about EpGs in general; in
particular, we show that they have diameter bounded by their parameters, and that
certain simple restrictions placed on their antiftag structure give us a lot of information
about the EpGs.
(2.1) LEMMA . If S is an EpGa then all its residues have the same parameters sand t
(and hence we can refer to S as an EpGa(s, t».
PROOF. Suppose the residue Sp is a pGa(s, t); then every block of S which lies on
p contains s + 2 points. Then if q is a point collinear with p , every block on q contains
s + 2 points (for one of them does). Hence by connectivity, every residue has the same
parameter's'. There are t + 1 blocks joining p to any point q in the residue Sp, and
hence the point p in the residue Sq is on t + 1 lines of Sq. Hence, again by connectivity,
every residue has the same second parameter 't', 0
(There exist structures such that every residue is a pG, but with different values of a;
all the known examples have s = 1. But if S is a triangular EpG (see Definition
(2.3» then a is indeed a constant. See Section 5 for more details.)
In any structure S, if p and yare a point and block , respectively, which are not
incident, then we call (p , y) an antiftag. If (p, y) is an antiftag , we use qJ(p, y) to
indicate the number of points on y which are collinear with p (note that this is not the
same as the number of blocks on p which meet y , unless S is semilinear). In a
pGa, qJ(p, y) = a for all antiftags.
(2.2) LEMMA. If S is an EpGa(s, t) then for any antiflag (p , y ), we have:
qJ(p, y) = 0, or £1'+ 1,,;;; qJ(p, y) ";;;s .+ 2.
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PROOF. If cp(p, y) *" 0, then there is a point r on y which is collinear with p; hence
(p, y) is an antiflag in the residue S" and so, in that residue, p is collinear with a
points on y. Thus p is collinear, in S, with at least £1'+1 points on y. Since y contains
altogether s + 2 points, the other limit is immediate. 0
(2.3) DEFINITION. (a) An EpG S is called (cp-)uniform iffor any antiflag (p, y) in S,
we always have cp(p, y) = 0, or cp(p, y) = tp (a constant). If cp(p, y) = cp always, then S
is said to be strongly ts- )uniform.
(b) an EpG S is called a one-point extension if it is strongly cp-uniform with cp = s + 2.
(c) An EpG S is triangular if whenever three points p, q, r in S are pairwise collinear,
then there is a block (necessarily unique) containing p, q, r.
(2.4) LEMMA. Let S be an EpG,is, t). Then:
(a) every point is collinear with (s + 1)(1 +st/a) points;
(b) every point is on (t + 1)(1 + st/a) blocks;
(c) every block contains s + 2 points;
(d) two collinear points are on t + 1 common blocks.
PROOF. Since a residue is a pGex of order (s, t), parts (a) and (b) will follow by
counting the number of points and lines in a pG; of order (s, t); see for instance [1,8].
Then (d) simply counts the number of lines on a point q which lies in a residue Sp. 0
(2.5) LEMMA. An EpGex S is a one-point extension iff it is a 2-design for
(1 + (s + 1)(1 + st/a), s + 2, t + 1). If S is a one-point extension EpGex, then its number
of blocks is:
b = (t + 1)(£1' + st)[a + (s + 1)(£1' + st)]I[aZ(s + 2)],
and
s + 2 divides 2t(t + 1)(2t - a).
PROOF. Clearly, an EpG is a 2-design iff any residue Sp contains every point except
p, and again iff this is true for just one residue.
The parameters of the 2-design follow from (2.4), and the standard formula for the
number of blocks of a 2-design (see [5,8]) gives us the expression for b. Since the
number b is an integer, we write s == -2 (mod s + 2) everywhere in the numerator of
the expression for b, which gives us the final part of the lemma. 0
An EpG which is a one-point extension is strongly uniform, and its point-graph is
complete. But if cp < s + 2, then a strongly cp-uniform EpG has an interesting
point-graph.
(2.6) THEOREM. If S is a strongly tp-uniform EpGex(s, t), with tp < s + 2, then the
point-graph T of S is strongly regular with parameters (v, k, A., f..t), where:
v =1 + (s + 1)[1 + st(s + 2)/cpa],
k= (s + 1)(1 +st/a),
A. = s + st( tp - 1)/a,
f..t = cp(1 + st/a).
Furthermore, the eigenvalues of rare k, PI = S +1- sp, PZ = -(1 + st/a), and T is
non-trivial if cp ~ s. Hence when cp ~ s, it follows that a divides st.
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PROOF. The proof that r is strongly regular is more or less the same as the proof
that the point-graph of a pG is strongly regular, but we sketch it here. First, the
valency k is clearly equal to the number of points in a residue, which is found in (2.4).
Suppose p and q are collinear points. Then q is a point of Sp, and lies on t + 1 lines
in Sp- Therefore the remaining st(t + 1)/ a blocks on q do not pass through p, and
hence p is collinear with exactly qJ points on each, and not collinear with the remaining
s + 2 - qJ points on each one. Hence we can count the number of points r ( *"p) which
are not in Sp but are joined to q: we count flags (r, x), where x is a block on q, and r is
a point not in Sp but on x. Counting two ways, we find that the number of such r is:
st(s + 2 - qJ)/a.
Thus we compute A. = k - 1 - st(s + 2 - qJ) / a, and find:
A. = s + st( tp - 1)/a.
Now if q is a point not collinear with p, then p is collinear with tp points on each of
the (t + 1)(1 + st/a) blocks on q. Counting as above, we find that f.l, the number of
points in Sp collinear with q, is given by:
f.l = qJ(1 + st/a).
Now we calculate the polynomial f (x) = x 2 - (A. - f.l)x - (k - f.l), and it is easy to see
that its zeros are Pl1 P2, as given in the statement of the lemma.
The graph r is non-trivial if it and its complement are connected: this is the same as
demanding that 0 < f.l < k < v-I. If tp =s + 1, then f.l =k; while if qJ ::;;;; s, then simple
computation shows that r is indeed non-trivial. This finishes the proof. (The last
remark of the lemma results from the fact that the eigenvalues of a strongly regular
graph are integers except in certain special cases; see [4,8]. The reader can compute
that these special cases will only arise here if the pG being extended is a generalised
quadrangle of order (1,1); but in that case S has 9 points and r is a graph with
parameters (9,4,1,2), and its eigenvalues are still integral.) D
(Note: Frank de Clerck has pointed out that r above is pseudo-geometric (T, S, A),
with T=st/a, S=s+l, £1=qJ.)
(2.7) THEOREM. An EpGa is triangular iff it is (a + I)-uniform.
PROOF. Let S be an EpGa(s, t), and consider the blocks on the point q, where q is a
point in the residue Sp- There are a total of (t + 1)(1 + st/a) blocks on q, t + 1 of which
pass through p and (t + l)st/a of which do not. On each of the (t + l)st/ a blocks on q
which do not contain p, there are at least a + 1 points of Sp, and hence at least a
points different from q and in Sp- Let us count the number M of flags (c, w), where w
is a block on q and c is a point of Sp, but c *" q and c on w. If the number of points c in
Sp which are collinear with q is {3, then the number of such flags is
M={3(t+l).
On the other hand, on each of the t + 1 blocks on q and p, there are s choices for c,
and on each of the (t + l)st/ a blocks on q which do not contain p, there are at least a
choices of c. So we have:
M ;;;;.s(t+ 1) + a(t + l)st/a= (t+ 1)(s +st),
with equality iff each block on q but not p contains exactly 1 + a points of Sp- From the
above, we have:
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P~s(t + 1),
with equality iff every block on q and not P contains exactly 1 + a points of Sp.
Now S is triangular iff (for every P and q as above) the point q is joined in Sp only to
those points which it joined to by blocks passing through P, and since q is joined, by
lines of Sp, to s(t + 1) points in Sp, it follows that S is triangular iff (for every choice of
P and q as above), p = s(t + 1). But this proves the statement of the theorem. 0
The diameter of an EpG is in fact bounded, which we show by a series of results
modelled on (but not exactly the same as) the similar results in [3].
(2.8) DEFINITION. Let S be an EpGct and let T = r(S) be its point-graph. Then we
define:
(a) if p and q are points of S, then d(p, q) is the distance in the graph T between p and
q, and if y is a block, then d(p, y) is the minimum of all d(p, q) with q on y;
(b) if y is a block, then lJi(p, y) is the number of points q on y such that
d(p, q) = i (note that ffJ(p, y) = lJI(p, y) if (p, y) is an antiflag);
(c) the index ffJo of S is defined as the minimum of all lJI(p, y), for d(p, y) = 1 (from
(2.2), we have ffJo ~ a + 1).
(2.9) LEMMA. Suppose T is a pGct , and y, z are two lines in T. If a = 1, then assume
in addition that y and z do not meet. Let C be a set of c points on y, such that C does not
contain the point of intersection (if any) of y and z, and define Co to be the set of points
on z which are collinear with some point of C. Then ICol ~ c.
PROOF. First let us suppose that y and z do not meet. Suppose ICol = co. Let us
count the number of lines of T which meet y in C and meet z in Co: this is equal to ce,
since each of the c points of C is on exactly a such lines. Each point of Co is on at most
a such lines, so we have ca::S;; coa, from which it follows that c ::s;; co.
Now if y and z meet, then we have a> 1. But counting as above and ignoring the
point of intersection of y and z, we have c(a-1)::s;;co(a-1), and since a>1, it
follows that c ::s;; co. 0
(2.10) LEMMA. If d(p,y) = i >0, then lJi(p, y) ~ ffJo + i-I.
PROOF. The proof is by induction on i = d(p, y). The lemma is trivially true if i = 1,
so we assume it true for all y such that d(p, y) < i. Let p =Po, PI' ... -P» where Pi is
on y, be a minimal path from p to y. Let u be a block containing Pi-l and Pi' such that
u meets y in only the one point Pi if a < s + 1 (always possible).
The distance d(p, u) = i -1, since both Pi-l and Pi belong to u; furthermore, u
contains a set C of at least ffJo + i - 2 points qj (where j = 1, 2, ... , ffJo + i - 2) at
distance i -1 from p, by the induction hypothesis. Then C does not contain the point
of intersection of u and y in the residue SPi' if the lines meet. Let Co be the set of
points of the line y in the residue SPi which are collinear, in that residue, with C. Then
by (2.9), ICol ~ ffJo + i - 2. But all the points of Co are at distance i from p, so there are
at least ffJo + i - 1 points of y at distance i from p. 0
(2.11) THEOREM. The diameter d of S satisfies d::s;; max{2, s + 5 - 2ffJo}.
PROOF. Let p, q be points of S at maximal distance d, and let a path of minimal
length between them be p =Po, PI> ... ,Pd = q. Suppose first that d ~ 3 and let y be a
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block containing Pd-2 and Pd-l. Then y contains at least CPo + d - 3 points at distance
d - 2 from p, by (2.10). On the other hand, since P« is collinear with Pd-l on y, the
block y must contain at least CPo points collinear with Pd, and all these CPo points are at
distance at least d - 1 from p. Therefore y contains at least (CPo + d - 3) + CPo distinct
points; so 2cpo + d - 3 ~ s + 2, proving the theorem for the case d » 3.
Now s + 5 - 2cpo ~ 2 iff CPo;;'; (s + 3)/2 and so, in particular, iff CPo is greater than half
the number of points on a block. But in this case, if there could be two points, a and b
say, at distance 3, then there must be a block y such that both a and b are collinear
with points on y. Since each is collinear with more than half the points on y, it follows
that they are collinear with common point, and hence are at distance 2, a
contradiction. 0
(2.12) COROLLARY. (a) The diameter d of an EpG,As, t) satisfies d ~ max{2, s -
2a+3}~s+1.
(b) In the particular cases of dual nets (class(3» and nets (class (4», we have: (i) class
(3), d ~ 2; (ii) class (4), d ~ max{2, s - 2t + 3}.
(c) A given pG", has only finitely many extensions, and all of them are finite.
PROOF. Since CPo;;'; a+ 1, (a) follows immediately. For (b) we note that a=s in
class (3), from which (i) follows, while (ii) is immediate. And of course (c) is clear. 0
With these background remarks, we proceed to study nets and dual nets in more
detail.
3. EXTENDED NETS
A pGt of order (s, t) is a net, i.e., a set of (s + 1)2 points together with a set of
(s + l)(t + 1) lines such that: the lines are partitioned into t + 1 parallel classes of s + 1
lines each; each point is on exactly one line of each parallel class; two lines in different
parallel classes meet in exactly one point. For consistency with more general usage, let
us write n = s + 1 and m = t + 1. Then our pG is a net of order n and with m (parallel)
classes, and we shall call it a net of type (n, m). The extension S will be triangular iff
cp(p, y) =m or 0 for all antiftags. Before proceeding further, notice that a net of order
(n,2) exists for every n > 1, and is also a grid of order (n -1, 1) (e.g., see [3]): such
grids always have extensions, and we assume that m > 2 unless the contrary is stated.
From (2.12), we know that the diameter d satisfies d ~ 2, if m > (n - 2)/2. But an EpG
of diameter 2, even if it is uniform, can be strongly regular without being strongly
uniform. (See [3J for some of the many examples.) We assume strong uniformity for
some of this section but it seems very plausible that diameter 2 plus, say, triangularity,
will imply at least that S is strongly regular. In any case we have:
(3.1) THEOREM. Suppose that S is an extension of a net of type (n, m) and that Sis
tp-uniform for cp ;;,; n - 1. Then S is strongly tp-uniform.
PROOF. First, if tp = n + 1, then S is a one-point extension, and is certainly strongly
uniform. Suppose cp = n or n - 1; then we have CPo;;'; n - 1, so by (2.12) S has diameter
2. We need to show that if p and q are points at distance 2, then every block on one of
them contains points at distance one from the other.
Now if q ft Sp, then q is joined to points in Sp (since the diameter is 2), and when q is
collinear with r ESp, then q is collinear with exactly cp points on every block on r. If
cp = n, then q must be joined to every point on every line of Sp which passes through r;
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so by the connectivity of the net Sp . q is collinear with every point of Sp, and hence
certainly every block on q must intersect Sp, and we are done.
If cp = n - 1, then assuming that q is collinear with r means that q is collinear with
every point, except only one, on every line of Sp that passes through r. If we let B be
the set of points of Sp that q is not collinear with, then it follows from this that if r is a
point of Sp not in B, then every line of Sp through r meets B in exactly one point. We
consider the following cases: (i) B consists of a line in Sp; (ii) B contains a line and at
least one point not on that line; (iii) B contains no line. In case (i) , if r is a point not in
B, then there is a unique line on r parallel to the line B, hence not meeting B. This is
not possible. Any line intersecting B in two points is contained in B, and hence in case
(ii) all lines of Sp are in B, so B contains all the points of Sp. and this means that q is
collinear with no points of Sp, which is impossible . Hence B contains no line. But this
means: if p and q are at distance 2, then there is no block on p which fails to contain
points collinear with q. This is what we needed to show. 0
Subcase (i). First let us consider one-point extensions.
(3.2) THEOREM. If S is a one-point extension of a net of type (n , m), then:
(a) m =n + 1, and S is an inversive plane of order n ;
or
(b) m = (n + 1)/2 and S is a 2-(n 2+ 1, n + 1, (n + 1)/2).
We always have cp(p, y ) = n + 1, and so in case (a) , S is triangular, and in case (b) it
is not.
PROOF. From (2.5) , the number of blocks in S is given by
b = (S 2 + 2s + 2)(t + 1)(s + 1)/(s + 2) = 2mn/(n + 1),
and thus it-follows that n + 1 divides 2m. But in any pG",(s, t), we must have a:;;; s + 1.
Hence we know that m :;;; n + 1, and n + 1 divides 2m. From this it follows that either
n + 1 = m or n + 1 = 2m .
If n + 1 = m, then any residue in S is actually an affine plane, and S is an extension
of an affine plane: so it is an inversive plane (see for instance [5,8]). If n + 1 = 2m,
then S is a 2-design with the given parameters. (See below for examples of this
kind.) 0
(3.3) EXAMPLE. Let q be an odd prime power, G the group PSL(2, q2), H the
subgroup PGL(2, q) of G, and consider both in their 'natural' permutation action on
the projective line ( = IKq 2 U 00). Let the points of S be the points of that line , and the
blocks of S be the G-images of the set 00 = IKq U 00. Since the stabiliser in G of the
block 00 is the subgroup H , it is not difficult to see that S is an extended net of type (b)
in (3.2). (Note that S is embedded in an inversive plane, and is a sort of 'half inversive
plane ' , since it contains exactly half the blocks . Do all examples have this property?)
We have seen that uniformity implies stong uniformity for cp ~ n -1, so we assume
strong uniformity in much of the rest of this section. We prepare for this by recalling
the structure of the resulting strongly regular graph r. Let S be a strongly cp-uniform
extended net which is not a one-point extension. By (2.6), the point T of S is strongly
regular , with parameters (v, k, A, /-l), where:
v=n+1+n(n2-1)/cp, k=n2, A=cp(n-1), /-l=cpn.
The eigenvalues are Pt = n - ip, P2 = -n, with respective multiplicities
mt = n2(n2-1)/[cp(2n - cp)] ,
m2 = n + n(n2-1)(n - cp)/[cp(2n - cp)].
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These multiplicities must be non-negative integers if r is non-trivial, i.e . if qJ < n.
(They are certainly integers if sp ~ n.)
(3.4) LEMMA. If S is a strongly tp-uniform extended net, of type (n, m), then:
(a) cp divides n(n2 - 1);
(b) cp(2n - cp) divides n2(n 2 - 1).
PROOF. Immediate from the remarks before the lemma. o
Now note that (3.4) is satisfied in particular whenever cp = n - 1, n, or n + 1. But
ip = n + 1 is precisely the case of a one-point extension, which we have already
considered. We now consider the values of tp = nand n - 1, where we need only
assume that S is cp-uniform to be sure that it is strongly cp-uniform (see (3.1)).
Subcase (ii). If qJ = n, then T is trivial: it is in fact complete multipartite with n + 1
classes of n vertices each, and hence S consists of n + 1 classes of n points each, with
two points collinear iff they are in different point classes. It is very like a 3-TD, except
that it does not have 'enough' blocks: any 3 points from 3 different classes lie on at
most one block. But in the case that S is triangular, we have:
(3.5) THEOREM. If S is a triangular ip-uniform extended net with qJ = n, then S is
a 3-TD(n, n + 1); any of the residues Sp is a net ot type (n, n) , i.e. an affine plane of
order n with one parallel class of lines deleted.
PROOF. If S is triangular, then qJ= a+ 1 (see 2.7). So m =n and all the residues are
of type (n, n). Such a net is of necessity an affine plane of order n with one parallel
class of lines deleted (and in fact the missing parallel class could be reconstructed by
defining the point classes in the net , which it inherits from the multipartite nature of S,
as new 'lines'). Then any two points in a residue Sp, in different classes, are on exactly
one common line of Sp , and hence S is clearly a 3-TD with the given parameters. 0
Examples exist of these triangular extensions, for every n a prime-power:
(3.6) EXAMPLE. Let q be a prime power, and let W be a 3 x (q + 1) matrix with
entries from IKq with the property that any 3 columns are linearly independent: this is
precisely the condition that the q + 1 rows of W T represent an oval (see [8]) in the
projective plane PG(2, q), and such ovals exist for all q.
Define S as follows: its points are the pairs (i, x), where i runs over the index set of
the columns of Wand x is any element in IKq ; its blocks are the vectors w in the row
space of W; (i, x) is incident with w if the ith co-ordinate of w is x.
Then S is a (strongly) uniform triangular extension of a net of type (n, n).
Subcase (iii) . Now we consider the case sp = n - 1. Again, uniformity implies strong
uniformity, so we have a strongly regular graph r. Then r is non-trivial, and its
parameters are:
v = (n + If, IJ = n(n - 1).
Such graphs exist, for every n; but this is not enough to specify S. There are examples
of the structures, however, given below.
(3.7) EXAMPLE. Let G be a doubly transitive permutation group on a set OJI of n + 1
elements, such that only the identity fixes 3 elements, and let the order of G be
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(n + I)nm. Define S as follows: the points of S are the 2-tuples (i, j), with i, i E OJJ, the
blocks of S are the symbols [p], with pEG, and (i, i) is on [p] if i = ip. We now show
that S is a (strongly) (n -I)-uniform extended net of type (n, m). First we give a proof
of a well known result:
(3.8) LEMMA. Let H be a transitive Frobenius group of order nm on a set
au = {I, 2, ... , n}, with Frobenius kernel N, and let i E au be fixed. If p E H, P ft Hi,
then asfJ runs over Hi, one of the m elements pfJ-I fixes no paint of au, and each of the
other m - 1 elements fixes (exactly) one element of au.
PROOF. There is a homomorphism tp of H onto Hi which has N for its kernel and
which induces the identity on Hi' Let pq; = fJo E Hi' Then for any fJ E Hi' 0 = pfJ-I fixes
no element if and only if 0 EN; this is equivalent to oq; = (pq;)(fJq;)-1 = fJofJ-1= 1.
The only solution to this is fJ = fJo. 0
(3.9) LEMMA. Let H be a transitive Frobenius group of order nm on a set
au = {I, 2, ... , n}. Define a structure T as follows: the points ofT are the 2-tuples (i, i),
with i, i E au; the lines of T are the symbols [p], with p E H; (i, i) is on [p] ifi = ip. Then
T is a net of type (n, m).
PROOF. First we note that for any "I E H, the mappings R" and L" below are
a-ttomorphisms of T:
R,,:(i,i)~(i,i"l) and [P]~[P"l];
L,,:(i,j)~(i"l,j) and [p]~["I-Ip].
So the automorphism group of T is transitive on its points. If two points (it> il) and
(iz, iz) have t, = iz or i, = jz, then there is no line on the two points. Otherwise, there
is at most one p E H such that ilP =il and izp = iz, so two points of T are on at most
one common line. The number of lines on a point is m. So to show that T is a net of
type (n, m), we need to show that if (i, j) is a point and [p] is a line, (i, i) not on [p],
then m - 1 of the lines on (i, i) meet [p].
From the transitivity on the points, we can suppose the point is a point (i, i) so the
lines on (i, i) are ["I], where "I E Hi (the stabilizer of i in H). Then [p] is a line not on
(i, i), i.e. p is not in Hi' But now (3.8) provides the rest of the proof. 0
(3.10) THEOREM. S, as defined in (3.7), is a (strongly) (n -I)-uniform extended net
of type (n, m).
PROOF. As in the proof of (3.9), the automorphism group of S is transitive on its
points, so we consider the residue of S at the point (n + 1, n + 1). It is easy to see that
with H = Gn + l , this satisfies the conditions of (3.9), hence is a net of the right sort, and
we are done. A point (i, j) of S is joined to every point except exactly those of the form
(i, x) and (x, i). and thus it follows that S is strongly (n - I)-uniform. 0
This finishes the demonstration that (3.7) has the required properties. This gives us
EpGs from the following groups (under the assumption that m > 1):
(i) G = PGL(2, q), where (n, m) = (q, q -1);
(ii) G = PSL(2, q), where (n, m) = (q, (q -1)/2);
(iii) G = PG* L(2, qZ), q odd, where (n, m) = (qZ, qZ -1);
(iv) G = ArL(2, 2P ) , p a prime, where (n, m) = (2P - 1, p).
Thus for the respective cases, S is triangular in (i) and (iii), not triangular in (ii) and
(iv) (except for p = 2 in (ivj).
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(Here PG *L(2, q2) is the group over IKq 2 of all permutations
x- (axo"+ b)/(cxO" + d),
where L1 =ad - be *0, and a A = lor q, according as L1 is a square or not; ATL(2, 2P )
is the group over 1K2" of all permutations
where a *0 and a is one of the p automorphisms of the field 1K2P. )
Sub case (iv) . Finally, let us suppose that cp = n - e, with e> 1, and that Sp is strongly
uniform . Then ali extension S will be triangular iff n - e = m; that is, iff the nets being
extended are of type (m, n - e). (Furthermore, if we only assume uniformity, then the
diameter is bounded by 2 so long as e ~ (n + 2)/2; but we do not have a proof that this
will imply strong uniformity.)
(3.4) asserts that:
and
n - e divides n(n2 - 1), (1)
n2- e2 divides n2(n2- 1). (2)
Putting n == e (mod n - e) in (1) and n2== e2 (mod n2- e2) in (2), we have:
n - e divides e(e 2 - 1),
and
(4)
(3.11) LEMMA. If S is a strongly tp-uniform extended net with cp = n - e, e > 1, then
n is bounded by e2•
PROOF. From equation (4) above , we must have n2- e2~ e2(e2-1), or n ~ e2. 0
The maximum possible value, n = e', satisfies all the numerical conditions. For then
n - e = e(e -1) divides e(e 2-1) and n2- e2= e2(e2-1) satisfies (4). This is an
interesting case for a number of reasons. If e = q, a prime power, then the point-graph
Thas the same parameters as the complement of the line-graph Ii of PG(3, q), or the
point-graph of the Klein quadric. (But Andries Brouwer informs us that there are
many graphs with these parameters, and it is certainly not easy to see how to construct
the extended net S out of Ii; however, see (3.15).) Or the structure S might be viewed
as constructed directly out of a net (of type (q2, q2 - q) if S is to be triangular).
In what follows, we assume that S is a triangular strongly uniform extended net, of
type (q2, q2 - q). A residue Sp is a net of type (q2, q2 - q), and for any point x in Sp,
there are q2- q blocks on x which are lines of the net Sp , while the other
(q2 _ 1)(q2 - q) blocks on x intersect Sp in subsets of q2 - q points.
(3.12) DEFINITION. If N is a net of type (n, m) , then a subset Q of m points in N
such that no three points of Q are on a line but every pair of points in Q are on a line is
called a superoval. (This corresponds to the definition of an oval in an affine or
projective plane , but it is slightly stronger than merely asking that no three points be
collinear. )
Note that if x is a point on a superoval, then m - 1 of the lines on x meet the
superoval again , while exactly one line does not , and hence is a tangent line.
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(3.13) LEMMA. If y is a block of S which meets Sp but does not contain p, then the
intersection y n Sp is a superoval in the net Sp.
PROOF. Any pair of blocks in S meet in at most two points, so a block y not in the
net Sp can meet any line of the net Sp in at most two points. And from triangularity,
any two points of Sp which lie on y must lie on a line of Sp. 0
Now nets of type (q2, q2 - q) are quite 'delicate': with one more parallel class, such
a net would certainly be embeddable in an affine plane of order q2. Similarly, a
(q2 _ q)-arc in a Desarguesian plane (and quite possibly in any plane) of order q2 is
almost large enough to ensure that it is extendable to an oval in that plane. (See
[2,6,7], the proof of (3.14) and the discussion after (3.14), for more about these
results; a k-arc in a projective plane is a set of k points, no three on a line.) That is,
perhaps S could be constructed by deleting q + 1 parallel classes from an affine plane,
and using ovals from that plane, with q + 1 of their points deleted. But we can reject
this possibility, and more (we thank J. A. Thas for giving us the proof in the
Desarguesian odd case below):
(3.14) THEOREM. Let S be a triangular extended net, of type (q2, q2 - q). Suppose
some residue Sp is embeddable in an affine plane A of order q2. Then:
(I) if in A some superoval y n Spof Sp extends to an oval of P, where P is the projective
plane belonging to A, then q = 2;
(II) if A is Desarguesian then q ",; 3.
(See the comments following the proof.)
PROOF. Suppose that (I) occurs, with q > 2. Let Q be an oval of A that contains
y n Sp (the superoval of Sp), and let x be a point on the line at infinity of A, the parallel
class of which did not belong to Sp, and such that x does not belong to Q (possible
because at most two points of the line at infinity belong to Q). If q is even, then we
choose x so that it is not the nucleus of Q (i.e. the point such that each of its q + 1 lines
contains exactly one point of Q); this is possible since if q is even then it is at least 4, so
there are at least 5 'new' points on the line at infinity.
Now the oval Q contains q2 - q points which are in A and belong to the set y n Sp;
each line from x which passes through one of these q2 - q points must fail to contain
another of the q2 - q points, from (3.13), since the lines on x are not lines of Sp. Hence
there are q2 - q lines on x which meet Q (i) as tangent lines, or (ii), in one point of
y n Sp and in one of the q + 1 'new' points of Q. Case (i) can happen at most twice
(and not at all if q is even, by our choice of x), while case (ii) can occur at most q + 1
times. So we have:
q2- q",;q+3. (1)
which immediately implies q ",; 3. But if q = 3 then (1) is an equality for each possible
choice of x among the 4 'new' points on the line at infinity. Thus the oval Q has all of
its 4 new points in A, and each of the 4 'new' points on the line at infinity is on 2
tangent lines and 4 secant lines of Q. But each of the four 'new' points on the line at
infinity will determine two 'old' points to which it is joined by tangent lines: this needs
8 'old' points, and there are only 6. So (I) cannot occur.
Now we return to our (q2 - q)-arc y n Sp: we have just seen that if A exists, then
anyone of the q + 1 'new' points on the line at infinity has the property that everyone
of its lines meets y n Sp in at most one point. This means that we can add any two of
these 'new' points to the arc, hence obtaining a (q2 - q + 2)-arc C. Now if q is even,
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q > 2, and A is Desarguesian, it follows (see [6,7]) that C is extendable to an oval in
P. But by (I) this is impossible.
Now let q > 3 be odd, and A be Desarguesian: we have a (q2 - q + 2)-arc C, and if x
is another point on the line at infinity, then at least q2 - q tangents to C contain x. The
tangent lines at x belong to an algebraic envelope of degree 2(q2 + 2 - q2 + q - 2) = 2q
(see [7]), and if q > 3, then q2 - q > 2q. This implies that the pencil with vertex x is a
component of that algebraic envelope. But from this it follows that C U x is itself an
are, and this contradicts the fact that x is collinear with two points of the arc already.
(This proof can be altered slightly to cover the case when q is even.) 0
Note that, in any case, we have different (q2 - q + 2)-arcs which intersect in q2 - q
points. So if these (q2 - q + 2)-arcs can be embedded in ovals (for any value of q) then
we have a contradiction, since two different ovals cannot intersect in more than half
their points. But when q is odd, there can exist k-arcs with k ;0: q2 - q + 2 which do not
extend to ovals. There is, for example, a complete 8-arc in a plane of order 9. In any
event, an example of this Subcase (iv) with q > 2 (and in particular with q = 3) would
be both surprising and quite interesting.
The exception, q = 2, does indeed exist, using in fact the Klein quadric, but this is
only one of several EpGs with these parameters, since m = 2 (see [3]):
(3.15) EXAMPLE. Let S be the structure the points of which are the 35 lines of the
geometry PG(3, 2), and the blocks of which are the 56 spreads (sets of 5 lines which
exactly cover the 15 points of PG(3, 2)). Then S is a triangular strongly uniform
extended net, of type (4,2).
Besides the possible parameters n = e2 for every value of e> 1, there are also
sporadic possibilities for e > 3 (for m = 2 they always do exist). For example:
(1) e =4: besides n =16, we might have n =6 or 8; these extend nets of type (6,2) or
(8,4) in the triangular case.
(2) e =5: besides n =25, we might have n =7, 10 or 15; these extend nets of type
(7,2), (10,5) or (15, 10) in the triangular case (the existence of these last two might be
thought quite improbable).
(3) e =6: here we might have n =8,9 and 36; these extend nets of type (8,2), (9,3)
and (36, 30) in the triangular case.
4. EXTENDED DUAL NETS
Here we shall assume that S is an extension of the family of dual nets; that is, every
residue Sp is a pGs(s, t). Since a = s, it follows that cp(p, y) = 0, s + 1 or s + 2 for any
antiftag (p, y) in S. Furthermore, from (2.12) we know that the diameter of an
extended dual net is at most two (from which we will see that cp(p, y) = 0 is never
possible.) We shall use the language of transversal designs, so we are extending a
2-TD(m, c), where c =s + 1, m = t + 1, and S is triangular iff cp(p, y) =c (or 0, but as
we have said, that cannot happen) for any antiftag (p, y).
Subcase (i) (one-point extensions).
(4.1) THEOREM. If S is a one-point extension of a dual net, then S is (up to
isomorphism) one of:
(a) the 2-(21,6,4) which results from taking an external restriction M~2 of the
3-(22,6, 1), extending the dual affine plane of order 4;
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(2)
(b) the biplane 2-(7,4,2), extending the dual affine plane of order 2 (this is also an
external restriction of a 3-design which extends a projective plane, by the way).
Neither of these extensions is triangular.
PROOF. We think of a residue Sp as being a 2-TD(m, c); to avoid confusion in this
particular proof, we shall call the blocks of Sp just that-blocks (and not lines). Then
each Sp has me points, m 2 blocks, and the points are partitioned into c classes of m
points, each such that every block contains exactly one point from each class, and two
points in different classes are on exactly one point from each class, and two points in
different classes are on exactly one common block.
Now suppose that S is as above, and let us define 'lines' in S (note that these are not
the 'lines' of Sp!) as follows: for each choice of a point p, there are c classes
Yl> Y2, ... , Yc in Sp as above, and we call each of the c point sets p UYi a line. We want
to show that if two lines intersect in two points, then they are equal (as point sets). In
steps:
If Y is a class of Sp, and q (=1= p) is a point on the line p UY, then there is a (1)
class z in Sq such that q U z = p Uy.
PROOF. There is no block of Son p, q and any point r of y, so in Sqp is not joined
to any point in y, hence q U z =p U y. •
If L is a line and p is any point on L, then there is a class y in Sp such that
L=pUy.
PROOF. The line L is defined as q U z for at least one q on L. Then p is in z (in Sq)
and so by (1), we are done •
These results imply that two distinct lines meet in at most one point. So we define S*
to be the structure the points of which are the points of S, and the blocks of which are
the lines just defined. From what we have just shown:
S* is a 2-design for (me + 1, m + 1, 1).
S* has b" blocks, where b* = (me + l)c/(m + 1).
(3)
(4)
These results follow from first principles. Then apply Fisher's Inequality (i.e.
b* ;::me + 1) to S*, to obtain:
c;::m+l (5)
But in a 2-TD(m, c), we always have c,;;; m + 1. Hence c = m + 1, so each Sp is in fact
a dual affine plane of order m: a projective plane of order m with one point removed,
and the m + 1 lines through that point deleted.
Now S is itself a 2_(m2 + m + 1, m + 2, m), with b blocks, where
b =m 2(m2 + m + l)/(m + 2). (6)
Putting m == -2 (modm + 2) in the numerator of the expression (6) for b, we find that
m + 2 must divide 12. Hence m = 2, 4 or 10.
Since there is no projective plane (and thus no dual affine plane) of order 10 ([9]),
we must have m = 2 or 4.
If m = 2 then it is immediate that S is the (unique) biplane 2-(7,4,2). If m = 4, then
a little more work is required to see that S is not just any 2-design for (21,6,4), but is
the external restriction Mi2 of the 3-(22,6,1). We leave this to the reader. 0
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(4.2) EXAMPLE. Let S2 be the external restriction M24: so S2 is a 4-(23,8,4). Any
residue of S2 is a 3-(22, 7, 4), and they are all isomorphic; call one of them SI' Any
residue of 81 is isomorphic to the 2-(21,6,4) of (4.1) . (But S2 has no extension: e .g.
compute the number of blocks in a possible extension of S2; note that any extension of
a t-design with t ~ 2 is a (t + I)-design.) This casts the Mathieu groups M23 and M22 in a
new role , as groups for geometries of a 'new' kind.
The techniques used in the proof of (4.1) can be used to study u-TDs for larger
values of u; since this is not part of our aim in this paper, we merely mention that it
can be shown, for instance, that:
(4.3) THEOREM. There are no one-point extensions of 3-TDs.
Subcase (ii). Now we pass on to extended TDs which are not one-point. Suppose that
S is such a structure, and q is a point at distance two from p (from (2.12), no point is
further from p); then q is collinear with at least one point r of Sp- Then cp(q, y) > 0 for
every block y which contains r, and so cp(q, y) ~ s + 1 for all such blocks y. But this
implies that q is collinear with every point in Sp except possibly the points in the class
of r; since the argument can now be repeated with a point r' in a different class, it
follows that q is collinear with every point of Sp and hence with no other points. Hence
cp(p, y) > 0 for all antiflags in S. Furthermore, the point-graph T is a complete
multipartite graph: the sets A p = P U {x Ix is not collinear with p} are the 'sets' of the
multipartite graph. Let us call these sets A p pads: then S is a divisible structure, with
the pads as its divisibility classes. (Note that the notion of 'pad' makes sense also in a
one-point extension: there the pads are all of size one).
(4.4) THEOREM. Suppose S is an extended 2-TD(m, c) which is not a one-point
extension. Then S is divisible (see [8]), and if we call the divisibility classes pads, then in
the TD Sp every class is a union ofpads.
PROOF. We have essentially proved the theorem in the comments before it. That
the classes of the TD Sp are unions of pads is pretty clear. 0
(4.5) THEOREM. (a) An extended 2-TD is a one-point extension iff its pads have
size 1.
(b) An extended 2-TD(m, c) is a 3-TD iff its pads have size m, and equivalently iff it is
triangular.
PROOF. (a) and the first part of (b) are clear . For the last part of (b), note that if
the pad size is less than m, then in a residue Sp there must be blocks y which do not
contain p, but lie totally inside of Sp , i.e. there will flags for which cp(p, y) =c + 1. 0
That the triangular case can happen widely is shown by:
(4.6) EXAMPLE. Let W be a 3 x (c + 1) matrix over IKq such that any 3 columns of
Ware linearly independent. Then using the construction of (3.6), we have a structure S
which is a 3-TD(q, c + 1) and extends a 2-TD(q, c).
To construct such a matrix, we select a (c + I)-arc in the projective plane PF(2, q),
and write the co-ordinates of its c + 1 points as the rows of WT ; such (c + I)-arcs exist
whenever q is large enough (i.e . q ~ c if q is odd, q ~ c -1 if q is even).
The trick used above can be generalised to give many more u- TDs:
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(4.7) EXAMPLE. Let W be a u x (c + u - 2) matrix over IKq such that every set of u
columns of Ware linearly independent. Then proceeding analogously to the preceding
example, we can construct a u-TD(q, c + u - 2) which is a (u - 2)-fold extension of a
2-TD(q, c).
To construct such a matrix, we let the rows of W T be the co-ordinates in PG(u, q) of
a (c + u - 2)-cap; that is, a set of c + u - 2 points such that no u + 1 lie in a
hyperplane-again, for a fixed c and u, such caps exist whenever q is large enough
(see [7]).
But returning to the case of extending 2-TDs, it can also happen that the pads have
size p, where 1 < P < m (of course, p always divides m):
(4.8) EXAMPLE. Let D be an extension of a 2-TD(m, c), and let D have v points,
with pad size p (e.g. p = 1 and p = m are certainly possible). Let E be a 3-TD(n, v),
and let the points of E be given by (i, x), where i is a point of D and x is chosen from a
set of symbols of size m. (So the point-sets Pi = {(i, x) Ias x varies} are the classes
of E.)
Let the points of S be the points of E, and let the blocks of S be the symbols [w, y],
where w is a block of E and y is a block of D. The point (i, x) is on the block [w, y] if
(i, x) is on w (in E) and i is on y (in D).
(4.9) LEMMA. In (4.8), any residue S(i,x) is a 2-TD(mn, c), and S has pads of size
pn. Hence S is in general neither a one-point extension nor is it a 3-TD (and it is not
even uniform).
PROOF. Let Cb Cz, ... , Cc be the point classes of the residue D, and let Hi = U Pk ,
where the union is over the P k such that k E Cj. Clearly, the Hj partition the points of
S(i,x), and two points are in zero or one block of S(i.x) according as they are in the same
or different classes Hj . Note that the pads of S are sets of the form U Ph with the
union taken over all k in a pad of D. Hence the number of points in a pad of S is n
times the number of points in a pad of D. 0
In fact this construction works equally well if we replace '2-TD' by 'u-TD', etc.,
throughout. Indeed, the technique is applicable more generally: if in the definition of
u-TD we allow that u points in u different classes are on A. common blocks (instead of
1), then (4.7), (4.8) and (4.9) still work.
5. CONCLUSIONS AND ADDmoNs
Extensions of dual nets appear to offer fewer problems than extensions of other
partial geometries, and while the theorems and examples in Section 4 do not include
complete characterisations, it seems possible that even without assuming uniformity,
extended dual nets are almost understood. Extended nets are quite different: in Section
3, we have made progress in analysing the strongly uniform case, but have said very
little about other possibilities. Even in the strongly uniform case there are the
intriguing possibilities of 'subcase (iv)' in particular still open. And extended partial
geometries of classes (2) and (6) (see Section 1) seem to have been very little studied.
Antonio Pasini has provided a nice example showing that the parameter a can vary
in an extended pG, although all the examples are 'thin'. (This is one of an infinite
family of 'thin' examples, which is not hard to construct.)
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(5.1) EXAMPLE. Suppose that we paste together two tetrahedra at one face,
identifying vertices and edges so that the resulting figure has 5 vertices and 9 edges .
Delete the common pasted face, so that there are 6 faces. Now let S be the structure
with the 5 vertices as points and the 6 faces as blocks. Then some residues Sp are
triangles (i.e. projective planes of order one) with a = 2, while others are squares (i.e.
generalised quadrangles of order (1, 1)) with a = 1.
But Pasini has also pointed out the following result:
(5.2) PROPosmON. If S is a connected structure all of whose residues are pGs, and if
S is triangular, then every residue has the same value of a.
PROOF. For each point pin S, the residue Sp has a value of a, which we denote by
apo Let (p, x) be an antiflag, and q a point on x collinear with p. Then by triangularity,
aq + 1 = cp(p, x), so aq depends only on p and x. Then aq can depend only on x, since
if we choose q on x, aq cannot depend on p. But connectivity then finishes the proof
for us. 0
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